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TECHNICAL NOTE XO. 626 

S T A T I C  THRUST ANALYSIS OF THE LIFTING AIRSCREW 

By Xontgomery Knight  and Ra lph  A.  Hefner  

T h i s  r e p o r t  p r e s e n t s  t h e  r e s u l t s  of a combined theo-  
r e t i c a l  and  e x p e r i m e n t a l  i n v e s t i g a t i o n  conduc ted  a t  t h e  
G e o r g i a  School  o f  Technology on t h e  s t a t i c  t h r u s t  o f  t h e  
l i f t i n g  a i r s c r e w  of t h e  t y p e  u s e d  i n  modern a u t o g i r o s  a n d  
h e l i c o p t e r s .  

The t h e o r e t i c a l  p a r t  of t h i s  s t u d y  i s  b a s e d  on 
G l a u e r t ’ s  a n a l y s i s  b u t  c e r t a i n  m o d i f i c a t i o n s  a r e  made t h a t  
f u r t h e r  c l a r i f y  and  s i m p l i f y  t h e  problem.  Of t h e s e  changes  
t h e  e l i m i n a t i o n  o f  t h e  s o l i d i t y  as an  independen t  p a r a m e t e r  
i s  t h e  ; n o s t  i m p o r t a n t .  

The e x p e r i m e n t a l  d a t a  were o b t a i n e d  from t e s t s  on four  
r o t o r  models o f  t w o ,  t h r e e ,  f o u r ,  a n d  f i v e  b l a d e s  and ,  i n  
general, a g r e e  q u i t e  m o l l  n i t h  t h e  t h e o r e t i c a l  c a l c u l a -  
t i o n s .  

The t h e o r y  i n c t i c a t c s  a method o f  e v a l u a t i n g  s c a l e  e f -  
f e c t s  on l i f t i n g  a i r s c r e w s ,  and t h e s e  c o r r e c t i o n s  have 
been a p p l i e d  t o  t h e  model r e s u l t s  t o  d e r i v e  g e n e r a l  f u l l -  
s c a l e  s t a t i c  t h r u s t ,  t o r q u e ,  and f i g u r e - o f - m e r i t  c u r v e s  
f o r  c o n s t a n t - c h o r d ,  c o n s t a n t - i n c i d e n c e  r o t o r s  

Convenient  c h a r t s  a r e  i n c l u d e d  t h a t  e n a b l e  h o v e r i n g -  
f l i g h t  pe r fo rmance  t o  be c a l c u l a t e d  r a p i d l y .  

I N  TRO DUG T I ON 

The pro’Dlem of g r e a t e r  s a f e t y  i n  f l i g h t  i s  today  com- 
manding n o r e  and  more a t t e n t i o n .  Two d i f f e r e n t  methods of  
a t t a c k  a r e  b e i n g  deve loped  a t  p r e s e n t .  One of t h e s e  con- 
s i s t s  o f  improving  t h e  c o n v e n t i o n a l  f ixed-wing  a i r p l a n e  
t h r o u g h  s u c h  m o d i f i c a t i o n s  a s  Handley Page s l o t s ,  wing 
F r o f i l e s  g i v i n g  smooth maximum l i f t  c h a r a c t e r i s t i c s ,  meth- 
o d s  o f  o b t a i n i n g  m o r e  comple te  r o l l i n g  and yawing c o n t r o l  
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i n  s t a l l e d  f l i g h t ,  nnd o t h e r  c p e c i n l  d e v i c e s .  The a l t e r n a -  
t i v e  z e t h o d  i s  t h a t  of d e v e l o p i n g  a t y p e  o f  z i r c r a f t  i n  
which  t i e r e  v i 1 1  a l w a y s  be r e l a t i v e  motion b e t v e e n  t h e  l i f t -  
i n g  s u r f a c e s  and  t h e  a i r ,  r e g a r d l e s s  of t h e  mot ion  o r  a t t i -  
t u d e  o f  t h e  a i r c r a f t  a s  a rahole .  T h i s  t y p e  i s  e x e m p l i f i e d  
by t h o  c u t o g i r o  an.d t h e  v a r i o u s  e x p e r i m e n t a l  h e l i c o p t e r s ,  
o f  wliich t h e  S rdgue t -Dorand  i s  t % e  m o s t  o u t s t a n d i n g  r e c e n t  
e x a n p l e  ( r e f e r e n c e  1). 

12 o r d e r  t o  i n v e s t i g z t e  t h e  p o s s i b i l i t i e s  of  t h e  
r o t z t i x g - w i n g  t y p e  of a i r c r a f t ,  a g e n e r a l  s t u d y  of t h e  -vTer- 
' t i e d .  n o t i o n  of t h e  l i f  t t n g  a i r s c r e w  h a s  been u n d e r t a k e n  
a t  t % e  D a n i e l  Guggenheim Schoo l  o f  A e r o n a u t i c s  of t h e  
G e o r g i a  School of Technology.  T h i s  p r o j e c t  i s  r e c e i v i n g  
f iiiaiici.:dl sa:>aDrt from t h e  iTc2tioiial Adv i so ry  Committee for 
Acroni-.u-kics and  tlie S t a t e  E n g i n e e r i n g  Exper iment  S t a t i o n  
of Geor,;ia. 

The y u q o s e  o f  t h i s  r e T o r t  i s  t o  p r e s e n t  t h e  r e s u l t s  
of  t h e  f i r s t  ? a r t  o f  t h i s  i n v e s t i g a t i o n ,  which c o v e r s  t h e  
p'nese o_" s t a t i c  t h r u s t  o r  h o v e r i n ?  f l i 2 ;h t  of t h e  h e l i c o p -  
t e r .  G1aue r t " s  a s s u m p t i o n s  ( r e f e r e n c e  2 )  f u r n i s h  t h e  
beckground for tlie t h e o r e t i c a l  p o r t i o n  of t h e  s t u d y .  How- 
eTrer ,  t h e  i n d u c e d  v e l o c i t y  t h r o u y h  t h e  r o t o r  i s  d e t e r m i n e d  
on t h e  b a s i s  of v o r t e x  t h e o r y  r a t h e r  t h a n  by u s i n g  t h e  con- 
c e p t  o f  t h e  " a c t u a t o r  d i s k . "  Th i s  change  h a s  been made 
S e c a u s e  t h e  v o r t e x  t h e o r y  offers a much c l e a r e r  p i c t u r e  of  
t h e  neclianism o f  Z i r s c r e n  t h r u s t  v i t h o u t  m a t e r i a l l y  com- 
p l i c a t i n g  t3.e d e r i v a t i o n  o f  t h e  induced. v e l o c i t y  e q u a t i o n  
n h i c h  i s  i d e n t i c 3 1  f o r  b o t h  n e t h o d s .  

Thc. e x n s r i m e n t a l  p a r t  of t h e  a a a l y s i s  p r o v i d o s  numer- 
i c a l  v z l u e s  of  such  p a r a m e t e r s  as % r e  e s s e n t i a l l y  e m p i r i c a l  
afil: s e r v e s  t o  shov t h e  agrzement  be tween t h e  c a l c u l a t e d  and  
a c t u a l  values of t h r u s t  and  t o r q u e  f o r  f o u r  d i f f e r e n t  r o -  
t o r  :noc'.eLs. 

S T A T I C  W Z V S T  AilTALYSIS 

B c 2 s i c  a s s u m p t i o n s . -  In  t r e a t i n g  t h e  c o n p l e x  p rob lem 
o f  t h e  l i f t i n g  a i r s c r e w ,  i t  i s  i i e c e s s a r y  t o  make t h e  f o l d  
1 ow i n g  s i m r ,  l'i f y i n g  as  sump t i on s : 

1. The number of b l a d e s  may be t a k e n  as  i n f i n i t e .  

2. Induced  a n g l e s  of a t t a c k  a , re  s u f f i c i e n t l y  small 
s o  t h a t  t h e  a n g l e  may 'be s u b s t i t u t e d  for t h e  
s i n e  and. t a n g e n t ,  and  t h e  c o s i n e  r e p l a c e ?  b;r 
un i ty . 
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3 .  B o t a t i o n a l  and  r a d i a l  components  o f  v e l o c i t y  and  
t i p  e f f e c t s  mcy be n e g l e c t e d .  

4. The s l i p s t r e a m  c o n t r a c t i o n  may be  n e g l e c t e d .  

-------______- I n d u c e d  v e l o c i t y . -  The f i r s t  s t e p  i n  t h e  s t a t i c  t h r u s t  
a n a l y s i s  i s  t o  d e t e r m i n e  t h e  downward v e l o c i t y  i n d u c e d  by 
t h e  mot ion  of  t h e  b l a d e s .  I n  t h e  s i m p l e s t  c a s e ,  e a c h  b l a d e  
o f  t h e  r o t o r  may be r e p l a c e d  by a r o t a t i n g  l i f t i n g  l i n e  from 
t h e  e n d s  o f  which  s p r i n g  t r a i l i n g  v o r t i c e s .  The t i p  v o r t e x  

m i l l  o b v i o u s l y  form a h e l i x  i n  s p a c e  w h i l e  t h e  v o r t e x  ema- 
n a t i n g  f rom t h e  b l a d e  r o o t  w i l l  be c o n c e n t r i c  w i t h  t h e  a x i s  
o f  r o t b t i o n ,  a n d  i n  t h e  p r e s e n t  d i s c u s s i o n  i t s  e f f e c t  n i l l  
b e  n e g l e c t e d .  

S i n c e  me a s e  assuming  an i n f i n i t e  number of  b l a d e s  t h e  
p r o b l c m  c o n s i s t s  of  a e t e r m i n i n g  t h e  v e l o c i t y  i n d u c e d  no r -  
m a l  t o  t h e  p l a n e  o f  t h e  r o t o r  by  a c y l i n d r i c a l  s u r f a c e  o f  
v o r t i c i t y ,  bounded o n  one end by t h e  r o t o r  and  e x t e n d i n g  
do -mvard  t o  i n f i n i t y .  F i g u r e  1 d e p i c t s  t h i s  c y l i n d e r  w i t h  
i t s  t o p  i n  t h e  xy ? l a n e  and  i t s  a x i s  c o i n c i d e n t  w i t h  t h e  
- z  a x i s .  The r i n g  s o f  w i d t h  dz i s  an e l e m e n t  o f  t h i s  
s u r f a c e  no rma l  t o  t h e  a x i s .  

If we t a k e  t h e  t o C a l  c i r c u l a t i o n  produced. b y  t h e  r o t o r  
b l z d e s  z s  I‘, t h e  c i r c u l a t i o n  s t r e n g t h  o f  t h e  r i n g  s 

n i l l  be  
r i n g  becomes e q u i v a l e n t  t o  a c i r c u l a r  v o r t e x  e l e m e n t  o f  
r a d i u s  I?. I t  rill be  n o t e d  t h a t  - dr - - c o n s t a n t .  

d z ,  a n d  by  n e g l e c t i n g  h i g h e r  o r d e r  t e r m s  t h e  
dr 

d z  
Noi? t h e  p o t e n t i a l  a t  a p o i n t  P due t o  a c l o s e d  V O ~ -  

t e x  e l e m e n t  may be e x p r e s s e d  i n  t h e  f o l l o w i n g  form ( r e f e r -  
e n c e  3 ) :  

n h e r e  I” i s  t h e  c i r c u l a t i o n  a b o u t  t h e  e l e m e n t  

nn d w i s  t h e  s o l i d  a n g l e  a t  P s u b t e n d e d  by t h e  
c l emen t  . 

Thus ,  i f  t h e  p o i n t  P be i n  t h e  p l a n e  of  t h e  r o t o r ,  
a s  shown i n  f i g u r e  1, n e  may w r i t e :  
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where w i s  t h e  s o l i d  a n g l e  at E) s u b t e n d e d  by  t h e  v o r t e x  
c i n g  s.  The t o t a l  p o t e n t i a l  a t  P m i l l  t h e n  be 

z1 
The v e l o c i t y  a t  P ,  due t o  s ,  normal  t o  t h e  r o t o r  

? l a n e ,  mzy nom be o b t a i n e d  by d i f f e r e n t i a t i n g  w i t h  r e s p e c t  
t o  z :  

I a n d  f o r  t h e  e n t i r e  c y l i n d e r  where Z, = - a n d  Z, = 0 :  

w(z,> = o and  w ( Z 1 )  = 217 

I t  i s  i m p o ~ t a n t  t o  n o t e  a l s o  t h . a t  a t  t h e  p o i n t  X ) ~  i n  t h e  
p l a n e  o f  t h e  r o t o r  b u t  beyoiid t h e  b l a d e  t i p s ,  W ( Z 2 )  = 
w(Z,> = o and  

0 .  m = o  n ’  ( 3 )  

Thus :-re have  e s t a b l i s h e d  t h e  f a c t  t h a t  t h e  v e r t i c a l  com- 
y o n e n t  o f  i n d u c e d  v e l o c i t y  i s  c o n s t a n t  o v e r  t h e  r o t o r  
d i s k  s’lnce I‘ = c o n s t a n t ,  Moreover ,  o u t s i d e  t h e  d i s k  t h i s  
comxtonent i s  z e r o .  I t  s h o u l d  a l s o  be o b s e r v e d  t h e t ,  if 
t h e  p o i n t  P i s  moved donnrTard i n s i d e  t h e  v o r t e x  c y l i n d e r  
t o  a g r c a t  d i s t a n c e  f rom t h e  r o t o r  d i s k ,  t h e  s o l i d  a n g l e  
su’o tendfng  i t  m i l l  become 47~, s i n c e  t h e  c y l i n d e r  may 
t h e n  be  cons id-ered  doub ly  i n f i n i t e  i n  e x t e n t .  Consequent- 
l y ,  

t h u s  c o r r o b o r a t i n g -  t h e  ne l l -knovi l  f a c t  t h a t  t h e  s l i p s t r e a m  
v c l o c i t y  i n  i h e  p l a n e  of a n  a i r s c r e w  i s  h a l f  t h a t  a t  a 
l a r g e  c ? i  s t a n c e  downst ream. 

To i n v e s t i g a t e  t h e  y e n e r n 1  c a s e  o f  t h e  i n d u c e d  v e l o c -  
i t y  sue t o  aiiy d i s t r i b u t i o n  m h a t s o e v e r  o f  t h e  c i r c u l a t i o n  
a l o n g  tl:ie blade, we may p r o c e e d  a s  f o l l o w s .  C o n s i d e r  a 
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b l a d e  e l e m e n t  of l e n g t h  d r  a t  a d i s t a n c e  r from t h e  
a x i s ,  a s  shown i n  f i g u r e  2 .  L e t  t h e  c i r c u l a t i o n  a t  r be 
r -  The c i r c u l a t i o n  a t  r + dr m i l l  t h e n  'be (I' f $5 d r ) .  

A c c o r d i n g  t o  e q u a t i o n  ( 3 )  t h e  i n d u c e d  v e l o c i t i e s  325- 
s i d e  t h e  r e s p e c t i v e  c y l i n d r i c a l  s u r f a c e s  m i l l  be z e r o ,  
w h e r e a s  &,nside t h e y  m i l l  be 

a n d  

t h e s e  r e s u l t s  b e i n g  a b t a i n e d  by n e g l e c t i n g  t h e  h i g h e r  c r d e r  
i n f  i n i t e s i m a l s .  

, T h i s  s i m p l e  d e m o n s t r a t i o n  v e r i f i e s  t h e  independence  
o f  a i r s c r e w  b l a d e  e l e a e n t s ,  which i s  a cus tomary  a s s u m p t i o n  
i n  modern a i r s c r e w  a n a l y s i s .  

Having o b t a i n e d  t h e  i n d u c e d - v e l o c i t y  r e l a t i n n s h i p s  due 
t o  t h e  v o r t e x  f i e l d ,  me n i l 1  nom d e r i v e  a g e n e r a l  e x p r e s -  
s i o n  f o r  t h e  c i r c u l a t i o n  I' as a f u n c t i o n  of  t h e  b l ade -  
~ r o f i l e  c h a r a c t e r i s t i c s .  Cons ide r  a n  e l emen t  o f  a b l a d e  o f  
l e n g t h  d r  a t  a d i s t a n c e  r f rom t h e  a x i s  o f  r o t a t i o n .  
The t h r u s t  on t h i s  e l e m e n t  w i l l  be 

d ~ = p E ~ r d r = P ~ ~ f i ~  2 r2 c d r  ( 5 )  
B 

where  B i s  t h e  number o f  b l a d e s  

c ,  b l a d e  c h o r d  

fl, a n g u l a r  v e l o c i t y  

Makiag t h e  cus tomary  a s s u m p t i o n  t h a t  G L  v a r i e s  l i n e a r l y  
w i t h  a n g l e  o f  a t t a c k  cc, we may w r i t e  v i t h  t h e  a i d  of f i g -  
u r e  3: 

C L  = a. a 

= a. ( 6  - cp> 
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a. i s  t h e  1 . i f t  c u r v e  s1o;ae f o r  two-dimens iona l  
f l o w  

6, b l a d e  i n c i d e n c e  a n g l e  

Tv W 
9, tan-’ __ - - __ - - i n d u c e d  a n g l e  o f  f l o m  fir S2r 

From e q u a t i o n  ( 5 )  me may nota m r i t e  t h e  c i r c u l a t i o n  as 

( 6  1 B c  r = -2- a. ( e  - cp) ~2 r 

The d i s t a n c e  betmeen s u c c e s s i v e  t u r n s  o f  t h e  v o r t i c a l  he- 
l i x  i s  

; ~ n d  s i n c e  

we o b t a i n  

o r  

f rom ( 6 )  t h a t  

a. Bc 
8 1 - r  

7,v = -- -- (6’ - c p )  fi2r 

I n  t h i s  a n a l y s i s  ne s h a l l  c o n f i n e  o u r s e l v e s  t o  t h e  c a s e  o f  
b l a d e s  o f  c o n s t a n t  c h o r d  and  h e n c e  t h e  r o t o r  s o l i d i t y ,  as 
u s u a l l y  e x g r e s s e d ,  i s  

P u t t i n g  r 
R 

x = -  
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e q u a t i o n  ( 7 )  becomes: 

o r  

The u s e f u l  r o o t  of  t h i s  q u a d r a t i c  i s  

D i v i d i n g  b o t h  s i d e s  by 0 me o b t a i n :  

- ?  
CT - a n d  p u t t i n g  

me have  

7 

v h i c h  i s  i d e c t i c a l  w i t h  t h e  r e s u l t  o b t a i n a b l e  by t h e  u s e  
o f  t h e  momentum e q u a t i o n ,  i . e . ,  t h e  " a c t u a t o r  d i sk! '  method, 

I t  s h o u l d  be  n o t e d  t h a t  e q u a t i o n  ( 8 )  i s  a g e n e r a l  ex- 
p r e s s i o n  f o r  t h e  i n d u c e d  f l o w  a n g l e  i n  t e r m s  o f  t h e  r a d i u s  
v a r i a b l e  x and  t h e  two p a r a m e t e r s  0, a n d  ao. However, 
a. i s  s u b s t a n t i a l l y  c o n s t a n t ,  v a r y i n g  b u t  s l i g h t l y  w i t h  
F r o f i l e  t h i c k n e s s  and  Reyno lds  ITumber. Thus,  e q u a t i o n  ( 8 )  
e f f e c t i v e l y  g i v e s  qo as a f u n c t i o n  o f  t h e  s i n g l e  parame- 
t e r  ea, which  r e s u l t s  i n  a marked s i m p l i f i c a t i o n  o f  t h e  
a n a l y s i s  as  o r i g i n a l l y  p r e s e n t e d  b p  G l a u e r t  ( r e f e r e n c e  2 ) .  

I n  t h e  f i r s t  p a r t  o f  t h e  -Previous  a n a l y s i s  e a c h  b l a d e  
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vas r e p l a c e d  by a l i f t i n g  l i n e ,  . i . e . ;  I' = cons tan t . .  
T h e r e f o r e ,  e q u a t i o n  ( 6 )  may be  w r i t t e n :  

Bc Bc r = -  a. (6 - c p )  R r  = -F a. (8, - c p o )  Q R  2 

where 0 ,  csd cpo r e f e r  t o  t h e  t i p  o f  t h e  b l a d e ,  b u t  
s i n c e  q~ = m/ar 

(9) 
. 6 = ' 0  

0 .  X 

T h i s  i s  t h e  v a r i a t i o n  i n  6 .  a l o n g  t h e  b l a d e  t h a t  i s  r e -  
q u i r e d  t o  g i v e  c o n s t a n t  c i r c u l a t i o n  and un i fo rm induced  
v e l o c i t y .  Over t h e  e f f e c t i v e  c o r t i o n  of t h e  b l a d e  

which d e f i n e s  t h e  screw s u r f a c e  d e s c r i b e d  by each  b l a d e ,  
i f  i t  were moving i n  a s o l i d  medium. T h e r e f o r e ,  e q u a t i o n  
( 9 )  may be c o n s i d e r e d  t o  r e p r e s e n t  t h e  " c o n s t a n t  p i t c h "  
a i r s c r e w ,  2nd t h e  i n d u c e d  a n g l e  f u n c t i o n  becomes 

F o r  t h e  t y p e  o f  r o t o r  w i t h  u n t w i s t e d  b l a d e s ,  i , e , ,  c o n s t a n t  
i n c i d e n c e  

w h e r e .  6, = c o n s t a n t  

------ Thrus t . -  The t h r u s t  p roduced  by t h e  r o t o r  may be ex- 
p r e s s e d  as  f o l l o w s :  

T = - P 'i? R" a2 B2 C T  
2 
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where CT i s  t h e  nond imens iona l  thrust c o e f f i c f s n t .  

To d e t e r m i n e  t h e  t h r u s t  i n  t e r m s  o f  t h e  r o t o s  parame- 
t e r s ,  ne w r i t e :  

R 

0 

o r  

0 

a n d  d i v i d i n g  by o2 

0 
T h i s  new t h r u s t  c o e f f i c i e n t  w i l l  be  d e s i g n a t e d  as 

For t h e  c o n s t a n t  p i t c h  r o t o r  

0 

And f o r  t h e  c o n s t a n t - i n c i d e n c e  r o t o r  

0 
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a n d  upon i n t e g r a t i n g  

where  

--- Torgu_e.-  The r o t o r  t o r q u e  may be  w r i t t e n  as 

Q = e TT R2 C-2’ R3 CQ, 
2 

CQ = n o n d i m e n s i o n a l  t o r q u e  c o e f f i c i e n t  

The t o r q u e  may be  d iv ided-  i n t o  t h r e e  p a r t s  a n a l o g o u s  t o  t h e  
p a r t i t i o n  o f  d r a g  on an  a i r f o i l .  These a r e :  

1. Induced  t o r q u e .  

2 .  Minimum p r o f i l e  t o r q u e .  

3. P r o f i l e  v a r i a t i o n  t o r q u e .  

The i n d u c e d  t o r q u e  due t o  t h e  i n c l i n a t i o n  o f  t h e  a i r -  
f o i l  l i f t  v e c t o r ,  f i g u r e  3,  i s  

o r  

0 

( e  - cp) n2 x3 dx ( a p p r o x . )  

n 1 

4 - -  - P BC R a. 2 

0 

cQi = CT a , /  cp ( 6  - c p )  x3 dx 

0 

The minimum p r o f i l e  t o r q u e  i s  
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0 

= - P Bc R4 9 i”.” x3 ax 
2 

11 

6 = CD 
Omin 

Assuming t h a t  t h e  F r o f i l e  d r a g  v a r i a t i o n  may be  ex- 
p r e s s e d  as  

where  E = c o n s t .  

The p r o f i l e  v a r i a t i o n  t o r q u e  may be w r i t t e n  as 

o r  

0 

0 

F o r  t h e  c o n s t a n t  p i t c h  r o t o r  t h e  total t o r q u e  c o e f f i -  
c i e n t  may be  e x y r e s s e d  i n  t h e  new f o r m  t o  e l i m i n a t e  CT as 
a n  i n d e p e n d e n t  p a r a m e t e r  as f o l l o w s  : 

0 
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B u t  s i n c e  

I n  l i k e  manner t h e  t o r q u e  c o e f f i c i e n t  may be o b t a i n e d .  
f o r  t h e  c o n s t a n t  i n c i d e n c e  r o t o r  as 

w h e r e ,  as i n  t h e  t h r u s t  e q u a t i o n  (14) 

Zfgure  o f  m e r i t . -  S i n c e  f o r  t h e  c o n d i t i o n  of s t a t i c  
t h r u s t  t h e  r o t o r  i s  n o t  moving i n  t r a n s l a t i o n ,  t h e  o r d i -  
n a r y  c o n c e p t  of e f f i c i e n c y  nust be m o d i f i e d  i n  o r d e r  t o  de- 
v i s e  it method o f  m e a s u r i n g  t h e  " l i f t i n g  e f f i c i e n c y "  of t h e  
h e l i c o p t e r  a i r s c r e w .  G l a u e r t  i n  r e f e r e n c e  2 has  d e s i g n a t e d  
t h i s  c r i t e r i o n  e s  t h e  " f i g u r e  o f  F e r i t "  and has d e f i n e d  it 
a s  
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T h i s  e x p r e s s i o n  may be a r r i v e d  at  by n o t i n g  t h a t  

C T  R2 R2 - ------- T - -  
CQ n3 R3 

where P i s  t h e  power a p p l i e d  t o  r o t o r ;  and t o  e l i m i n a t e  
t h e  t a n g e n t i a l  v e l o c i t y  S2R, we may w r i t e :  

and  i n  t e r n s  o f  t h e  new c o e f f i c i e n t s  

M ’  

The t h e o r e t i c a l  maximum o r  i d e a l  v a l u e  of  M w o u l d  
o c c u r  i f  6 and E were ze ro  and i t s  v a l u e  mag be ob- 
t a i n e d  e a s i l y  f o r  $he c o n s t a n t  p i t c h  r o t o r .  R e f e r r i n g  t o  
( 7 4 ,  

2 

2 

and  hence  M I I  = 2 

The i d e a l  f i g u r e  o f  m e r i t  f o r  t h e  c o n s t a n t  i n c i d e n c e  
r o t o r  i s  n o t  a c o n s t a n t  and  canno t  be e a s i l y  o b t a i n e d  as 
a n  a n a l y t i c a l  e x p r e s s i o n .  Honever,  t h e  n u m e r i c a l  v a l u e s  
have  been computed and  t h e s e  a r e  g i v e n  l a t e r .  
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The f i g u r e  o f  m e r i t  may be d e f i n e d  on  t h e  b a g i s  of  u n i -  
t y ,  as  i n  t h e  u s u a l  d e f i n i t i o n  of e f f i c i e n c y  b y  w r i t i n g  

a n d  t h i s  form w i l l  be u s e d  i n  t h e  subsequen t  d i s c u s s i o n .  

EXPERIidENTAL DATA 

I n  order t o  o b t a i n  t h e  v a l u e s  of t h e  a i r f o i l  narame- 
t e r s  a 9 9 e a r i n y  i n  t h e  t h e o r y  and  t o  enab1.e t h e  c a l c u l a t e d  
v a l u e s  o f  t h e  r o t o r  c o e f f i c i e n t s  t o  be compared m i t h  t e s t s  
o n  a c t u a l  rotors, t no  s e t s  of  t e s t s  mere made i n  t h e  9- 
f o o t  mind ",nncl o f  t h e  D a n i e l  Guggenheim School of  Aero- 
nau  t i c s . 

R o t o r  rnodel t e s t s . -  Four r o t o r  models  h a v i n g  t w o ,  
t h r e e ,  f o u r ,  and f f v e  b l a d e s  and a d i a m e t e r  of 5 f e e t ,  
were  t e s t e d - .  F i v e  b l a d e s  and t h r e e  hubs  v e r e  u s e d .  The 
b l a d e s  were i d e n t i c a l  and  i n t e r c h a % g e a b l e ,  t h u s  making 
~ o s s i b l e  t h e  f o u r  r o t o r  c o m b i n a t i o n s .  

The b l a d e s  had- t h e  X . A . C . A .  9015 symmet r i ca l  p r o f i l e  
( r e f e r e n c e  4 )  and. me-re o f  2 - inch  c h o r d  from t h e  t i p  t o  a 
ra?.ius of  5 i 2 c h e s .  F r o m  t 5 i s  p o i n t  t h e y  were f a i r e d  i n t o  
a 3 / 4 - i 3 c h ' c i r c l e  a t  a r a d i u s  of 1.5 i n c h e s .  The d i a m e t e r  
o f  tlie iu'us v a s  3 i n c h e s .  H o r i z o n t a l  h i n g e s  mere l o c a t e d  
i n  t h e  5il.b a t  a r a d i u s  o f  1 i i i ch  t o  p e r m i t  v e r t i c a l  a r t i c -  
u l a t i o n  o f  t h e  blad.es .  A s i ? l i t  s l e e v e  n i t h  c l amping  sc?"e'cBs 
a t  t h e  i:iner end o f  e a c h  b l a d e  e n a b l e d  t h e  b l a d e  i n c i d e n c e  
t o  be changed-. The b l a d e  p l z n  form w a s  s t r a i g h t  a h d  t h e r e  
was no t i r i s t .  

I n  orde;- t o  p r e v p n t  any  t e n d e n c y  t o  t w i s t  when i n  op- 
e r a t i o n ,  t h e  b l a d e s  were  e t a t i c a l l y  b a l a n c e d  a b o u t  t h e  
q u a r t e r - c h o r d  p o i n t  b y  u s i n g  a s t a e l  l e a c i n g  edge  r e c e s s e d  
i n t o  t h e  l a m i n a t e d  mood of t h e  b l a d e  and  t h e  q u a r t e r - c h o r d  
l i n e  w a s  r a d i a l .  The b l a d e  t i p  i n  c r o s s  s e c t i o n  w a s  semi- 
c i r c u l  ar . 

The v o r i o u s  r o t o r s  were mounted on t h e  f r ame  of  t h e  
nr in?-- tui inel  'bn lance  c s  shomn i n  f i g u r e  4.  The r o t o r  d r i v e  
s i i n f t  BP,S h o r i z o n t a l  as shown, and mzs 12 i n c h e s  l o n g ,  
t e r m i n a t i n g  i n  ct siaP.11 g e a r  b o x e a t  t h e  c e n t e r  of t h e  tun- 
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n e 1  j e t .  Th i s  g e a r  box v a s  h e l d  by a t o r q u e  t u b e  s u p p o r t -  
e d  on a t r i p o d  a t t a c h e d  t o  t h e  b a l a n c e  frame and e x t e n d i n g .  
below t h e  j e t  t o  a moto r -d r iven  v o r m  and  p i n i o n ,  e n a b l i n g  
t h e  a n g l e  of  a t t a c k  o f  t h e  r o t o r  t o  be v a r i e d  t h r o u g h  360'. 

I s s i d e  t h i s  t o r q u e  t u b e  w a s  t h e  main d r i v e  s h a f t  mhich 
w a s  t u r n e d  by a 1-horsepower 3-phase i n d u c t i o n  m o t o r  
t h r o u g h  a V-bel t  d r i v e .  S i n c e  a l l  t h i s  equipment  w a s  
mounted on t h e  six-component b a l a n c e  f r ame ,  i t  c o n s t i t u e d  
a dynamometer c a p a b l e  of measur ing  t h e  t h r u s t  and  t o r q u e  on 
t h e  r o t o r  f o r  any p o s i t i o n  of t h e  model. 

The six-component b a l a n c e  o f  t h i s  mind t u n n e l  upon 
which  b o t h  t h e  r o t o r  and  a i r f o i l  t e s t s  were made, i s  some- 
!That u n u s u a l  i n  t h a t  i t  u t i l i z e s  a h y d r a u l i c  method o f  
t r a n s a i t t i i i g  t h e  f o r c e s  t o  a c e n t r a l  p o i n t  where t h e y  a r e  
a u t o m z t i c a l l y  b a l a n c e d  and  i n d i c a t e d  p n e u m a t i c a l l y .  The.  
U f r c n e  17Lich h o l d s  t h e  ?ode1 i s  h e l d  i n  ? l a c e  by s i x  tubu- 
lar s t r u t s ,  e a c h  o f  which t e r m i n a t e s . i n  a h y d r a u l i c  c e l l ,  
These c e l l s  c o n s i s t  of  n sha l low c y l i n d e r  c o n t a i n i n g  a 
l o o s e - f i t t i n g  p i s t o n ,  The 1 /8 - inch  a n n u l a r  space  between 
t h e  ? i s t o n  and cy l inc l e r  i s  cove red  w i t h  0.020-inch t h i c k  
p u r e  gum r u b b e r ,  t h u s  p r o v i d i n g  a t i g h t  b u t  s u b s t a n t i a l l y  
f r i c t i o n l e s s  s e a l .  The c e l l s  a r e  c o m p l e t e l y  f i l l e d  w i t h  
d i s t i l l e d  ma te r  and t h e  p r e s s u r e  due t o  t h e  f o r c e  a p p l i e d  
on each  c e l l  i s  t r a n s m i t t e d  t h r o u g h  small copner  t u b i n g  t o  
i d e n t i c a l  c e l l s  mounted on t h e  f rame shown i n  t h e  r i g h t  
background. o f  f i g u r e  4 .  'Here t h e  f o r c e s  a r e  combined by 2. 

r i g i d  c o n n e c t i o n  between t h e  p i s t o n s  of t h e  a p p r o p r i a t e  
c e l l s  s o  as  t o  g i v e  t h e  t o t a l  f o r c e ,  These f o r c e s  a r e  i n  

a i r ,  znd t h e  p r e s s u r e s i n  t h e s e  a i r  c e l l s  a r e  c o n t r o l l e d  
a u t o m 2 , t i c a l l y  by means of  s p e c i a l  p i s t o n - t y p e  v a l v e s  which 
a p p l y  e i t h e r  p r e s s u r e  o r  vacuum t o  t h e  c e l l s ,  depending  
upon t h e  d i r e c t i o n  o f  t h e  f o r c e s .  S i n c e  t h e  p r e s s u r e  i n  
e a c h  air c e l l  a t  any t ime  i s  a measure of t h e  p a r t i c u l a r  
f o r c e  n p g l i e d  t o  i t ,  t h e s e  c e l l s  a r e  t a p p e d  and t h e  p r e s -  
sure t r e n s s i t t e d  t h r o u g h  r u b b e r  t u b i n g  t o  a m a n i f o l d  which 
i s  f i t t e d  s i t h  s i x  v a l v e s .  From t h i s  man i fo ld  a n o t h e r  rub- 
b e r  t u b e  g o e s  t o  an a d d i t i o n a l  c e l l  u n i t  of t h e  same t y p e  
mounted- on t h e  p l a t f o r m  o f  a d i a l  s c a l e ,  Thus a s i n g l e  
o p e r a t o r  may r e a d  a l l  t h e  f o r c e s  i n  any d e s i r e d  sequence  
by open ing  t h e  a p p r o p r i a t e  man i fo ld  v a l v e s .  The s e n s i t i v -  
i t y  o f  t h e  2 a l a n c e  can be changed by s u b s t i t u t i n g  b a l a n c -  
i n g  c i r  c e l l s  o f  d i f f e r e n t  s i z e s  o r  b? u s i n g  w a t e r  o r  al- 
c o h o l  manometers i n  p l a c e  o f  t h e  d i a l  s c a l e ,  F o r c e s  as 
small as 1 gram o r  as l a r g e  as 150 k i l o g r a m s  can  be meas- 
u r e d  r r i t h  t h o  p r e s e n t  a r r angemen t .  Th i s  r a n g e  c o u l d  sas i -  

' t u r n  z p g l i e d  t o  t h e  p i s t o n s  of similar c e l l s  a c t u a t e d  by 
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l y  be  ex tended .  The s y s t e m  i s  p r a c t i c a l l y  n u l l  i n  ope rz -  
t i o n ,  s i n c e  t h e  maximum movement o f  t h e  b a l a n c e  f rame i s  
n e v e r  g r e a t e r  t h a n  a b o u t  1 / 6 4  i n c h .  

The b n l a n c e  h a s  p r o v e d  q u i t e  s a t i s f a c t o r y  over' a p e r i -  
od  & t h r e e  y e a r s ,  t h e  o n l y  a t t e n t i o n  n e c e s s a r y  b e i n g  an oc- 
c a s i o n a l  r e p l a c e m e n t  o f  t h e  r u b b e r  p o r t i o n s  o f  t h e  d i a -  
phragms a n d  c l e a n i n g  o f  t h e  p i s t o n  valv8sc I t  h a s  p r o v e d  
t o  be c o n v e n i e n t  a n d  f l e x i b l e  i n  i t s  o g e r a t i o n ,  s i n c e  i t  
n o t  o n l y  e n a b l e s  cz s i n g l e  o p e r a t o r  t o  make a l l  o r d i n a r y  
t e s t s  but i t  i s  a l s o  p o s s i b l e  t o  move t h e  i n d i c a t i n g  mech- 
a n i s m  whereve r  d e s i r e d .  

The a v e r a g e  r o t a t i o n a l  speed  o f  t h e  model r o t o r s  vas 
a p p r o x i m a t e l y  9 6 0  r .p .mi  T h i s  va i - ied  s l i g h t l y  w i t h  t h e  
number of  b l a d e s  and  v i t h  t h e  i n c i d e n c e  b e c a u s e  o f  t h e  i n -  
d u c t i o n  x o t o r  s l i p  and  t h e  c r e e g  of  t h e  b e l t  d r i v e  u n d e r  

i n  Reyno lds  1Jumber. The speed  r e a d i n g s  were o b t a i n e d  by 
means o f  a n  o r d i n a r y  hand t a c h o m e t e r  and  s t o p  w a t c h ,  t h e  
a v e r a g e  o f  t h r e c  30-second r e a d i n g s  b e i n g  u s e d .  

' l o a d ,  b u t  n o t  s u f f i c i e n t l y  t o  c a u s e  an a p p r e c i a b l e  change 

I n  o r d e r  t o  o b t a i n  c o n s i s t e n t  and  r e l i a b l e  t h r u s t  a n d  
t o r q u e  r e a d i n g s ,  i t  was found  t h a t  c e r t a i n  p r e c a u t i o n s  had  
t o  bo t a k e n .  I t  was n e c e s s a r y  t o  s e t  t h e  b l a d e - i n c i d e n c e  
a n g l e s  n i t h i n  p l u s  o r  minus 0.05 ' .  
p l i s h e d  v i t h  t h e  c i d  of t h e  a q p a r a t u s  shown i n  f i g u r e  5 .  
The r o t o r  hub gas clamped r i g i d l y :  t o  ~t h o r i z o n t a l  s u p p o r t  
a n d  t h e  t i p  of e a c h  blad-e i n  t u r n  w a s  c t t a c h c d  by a s p e c i a l  
c l amping  d e v i c e  t o  a s e n s i t i v e  i n c l i n o m e t e r  n o u n t e d  on b a l l  
b e c r i n g s  and. c o u n t e r w e i g h t e d  so t h a t  i t  imiposed no r e s t r a i n t  
on t h e  f l e x i b l e  b l n d e .  Tho i n c l i n o m e t e r  was s e n s i t i v e  t o  
n i t h i n  oi1c n i n u t e  of n n g l e .  

T h i s  was f i n a l l y  accom- 

There  w a s  f o u n d  t o  be a s l i g h t  l a c k  of w-niformity i n  
t h e  b l a d e s  due t o  warp ing .  S i n c e ,  f o r  u n i f o r m  r e s u l t s ,  i t  
w a s  n e c e s s a r y  t o  s e t  t h e  b l a d e  a n g l e  w i t h  r e s p e c t  t o  t h e  
z e r o  t h r u s t  a n g l e ,  t h e  t h r u s t  c u r v e s  o f  e a c h  b l a d e  were ob- 
t a i n e d  by r u n n i n g  them s i n g l y  w i t h  a b a l a n c i n g  c o u n t e r -  
v e i g h t ,  Ti70 of t h e  b l a d e s  showed no e f f e c t i v e  t w i s t  a n d  
t h e  w o r s t  one had  a t w i s t  o f  40 n i n u t e s .  In  making t h e  fi- 
n a l  t e s t s  t h e s e  twist c o r r e c t i o n s  T e r c  u s e d  i n  s e t t i n g  t h e  
b l a d e  a n g l e  s .  

V a r i o u s  p o s i t i o n s  o f  t h e  n iode l  n i t h  r e s p e c t  t o  t h e  
t u n n e l  v e r c  i n v e s t i g a t e d  a n d  t h o  f i n a l  p o s i t i o n  chosen  mas 
t h a t  shonn i n  f i g u r e  4 sj-ith t s l i p s t r e a m  t o n s r d  t h e  l e f t  
s i n c e  i n  t h i s  y o s i t i o n  n o  i r i t c r f o r c n c e  e f f e c t s  v e r e  angar -  
e n t ,  
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The p r e c i s i o n  o f  t h e  measurements was as f o l l o v s :  

T h r u s t  . . . . . . . .  fl p e r c e n t  

Torque . . . . . . .  fl p e r c e n t  

Ninimum t o r q u e  . . .  f 2  p e r c e n t  

R a t e  o f  r o t a t i o n  . . & + , p e r c e n t  

Blade  i n c i d e n c e  a n g l e  f0,05° 

A i r f o i l  t e s t s . -  I n  t h e  above ma themat i ca l  a n a l y s i s ,  
t h e  a i r f o i l  p r o f i l e  c h a r a c t e r i s t i c s  of t h e  r o t o r  b l a d e s  
were assumed t o  be as f o l l o m s :  

CL = a. a 

= CD 4- E a2 
Omin 

where a i s  t h e  e f f e c t i v e  a n g l e  o f  a t t a c k  o f  t h e  a i r f o i l ,  

I n  o r d e r  t o  o b t a i n  q u a n t i t a t i v e  r e s u l t s  from t h e  t h e -  
o r e t i c a l  e q u a t i o n s  of t h r u s t  and t o r q u e ,  i t  mas n e c e s s a r y  
t o  d e t e r m i n e  s p e c i f i c  v a l u o s  o f  a. a n d  , b o t h  o f  

which  a r e  f u n c t i o n s  of t h e  Reynolds  Number. T h i s  mas done 
by t e s t i n g  a n  a i r f o i l  o f  fT.A.G.A. 0015 ? r o f i l e  i n  t h e  wind 
t u n n e l  a t  a p p r o x i m a t e l y  t h e  same Reyno lds  Number (242 ,000)  
a s  t h a t  o f  t h e  r o t o r - b l a d e  t i p s .  T h i s  a i r f o i l  ha& a s p a n  
o f  6 f e e t  and. a chord  o f  6 i n c h e s  and  w a s  mounted i n  t h e  
wind t u n n e l  as shown i n  f i g u r e  6 ,  which i s  a view of  t h e  
s e t - u p  l o o k i n g  i n  t h e  u p s t r e a m  d i r e c t i o n .  

C D o m i n  

The n o d e l  w a s  s u p p o r t e d  on  a s t r e a m l i n e d  f o r k  l o c a t e d  
a t  t h e  mi$-span and  q u a r t e r - c h o r d  p o i n t  and O R  a s m a l l  o v a l  
r o d  n h i c h  was connec ted  t o  a s h o r t  s t i n g  a t t a c h e d  t o  t h e .  
t r a i l i n g  edge. T h i s  l a t t e r  r o d  mas a c t u a t e d  by. a push- 
p u l l  r o d  s l i d i n g  i n s i d e  t h e  t o r q u e  t u b e  which h e l d  t h e  
f o r k  and  w a s  a t t a c h e d  t o  t h e  b a l a n c e  frame,  The push  r o d  
was a c t u a t e d  b y  a second motor -dr iven  w o r m  and p i n i o n  mech- 
an ism p e r m i t t i n g  remote  c o n t r o l  o f  t h e  a n g l e  o f  a t t a c k ,  
The a n g l e  read- ings  were e f f e c t e d  by means o f  a s i m p l e  a i -  
r e c t - c u r r e n t  b r i d g e  sys tem w i t h  t h e  ga lvanomete r  and  t h e  
a d j u s t a b l e  l e g  o f  t h e  b r i d g e  mounted on  t h e  b a l a n c e - c o n t r o l  
t a b l e .  
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The b a l a n c e  f rame and- t h e  m o d e l - s u p p o r t i n g  t r i p o d  mere 
s h i e l d e d  2us shown t o  r e d u c e  t h e  t a r e  f o r c e s .  Those t a r e  
f o r c e s  vere measured iTith t h e  n o d e l  s u p p o r t e d  a t  t h e  t i p s  
a n d  v i t h  t h e  f o r k  a n d  i n c i d e n c e  r o d  i n  p l a c e  b u t  n o t  touch-  
i n g  t h e  a i r f o i l  and  were  found  t o  be  z e r o  f o r  t h e  l i f t  a n d  
a'uout 60  p e r c e n t  of  t h e  minimum p r o f i l e  d r a g .  

The a i r  f l o w  i n  t h e  j e t  i s  r e a s o n a b l y  smooth and  u n i -  
f o r l a  owing t o  t h e  5 t o  1 c o n t r a c t i o n  i n  t h e  c o l l e c t o r .  
The v a r i a t i o n  of  dynamic p r e s s u r e  o v e r  t h e  span  of  t h e  mod- 
e l  i s  w i t h i n  g l u s  o r  minus 1 p e r c e n t .  A s  p r e v i o u s l y  men- 
t i onc l ' i ,  t h e  j e t  i s  9 f e e t  i n  d i a m e t e r  and  1 2  f e e t  l o n g ,  
si ld t:ie model i s  l o c a t e d  w i t h  i t s  q u a r t e r - c h o r d  p o i n t  o n  
t h e  !.ater-:l a x i s  of t h e  b a l a n c e ,  mhich i s  3 f e e t  downstream 
f r o n  t h e  e a t r a n c e  cone.  

I n  t h e s e  L e s t s  t h e  dynamic p r e s s u r e  was h e l d  c o n s t a n t  
by rieens of  an a l c o h o l  manometer c o n n e c t e d  t o  f o u r  s t a t i c  
p l a t e s  l o c a t e d  i n  t h e  l a r g e  s e c t i o n  of t h e  e n t r a n c e  c o n e ,  
t h e  s t a t i c  p l a t e  p r e s s u r e  h a v i n g  been  p r e v i o u s l y  c a l i b r a t -  
e d  a g a i n s t  p i t o t  s u r v e y s  rnade i i i  t h e  n o d e l  p o s i t i o n .  

T%e p r e c i s i o n  o f  m e a s u r e a e n t s  i n  t h e  a i r f o i l  t e s t s  
was a s  f o l l o w s :  

L i f t  . . . . . . fl p e r c e 2 t  

Drag . . . , . rt-1 g e r c e n t  

liinimum d r a q  . . * 2  p e r c e n t  

V e l o c i t y  . . . . .  *Q p e r c e n t  

Angle o f  a t t a c k  *0.05° 

-----I------------_-- R e d u c t i o n  of  d a t a . -  The f o r m u l a s  u s e d  f o r  r e d u c i n g  $he 
t h r u s t  nnd t o r q u e  m e a s u r e n e n t s  f rom t h e  f o u r  r o t o r  t e s t s  
are :l,s f o l l o w s :  

2 T  

p IT Ba fi2 R 2  
C T  = ____------- 
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The t h r u s t  and  t o r q u e  c o e f f i c i e n t s  C T  a n d  C r e -  & '  
s p e c t i v e l y ,  a r e  p l o t t e d  a g a i n s t  a n g l e  of  b l a d e  i n c i d e n c e  
i n  f i g u r e s  7 a n d  8. 

R e d u c t i o n  o f  t h e  d a t a  f r o m  t h e  a i r f o i l  t e s t s  r e q u i r e s  
a n  i n t e r p r e t a t i o n  of  t h e  m i n d - t u n n e l  j e t  boundary  e f f e c t s .  
A s t u d y  of t h e  d a t a  r e v e a l e d  t h a t  t h e  i n t e r f e r e n c e  o f  t h e  
b a l a n c e  s h i e l d i n g  w a s  a p p r e c i a b l e  a n d ,  i n  a n  a t t e m p t  t o  
e v a l u a t e  t h i s  i n t e r f e r e n c e ,  t h e  work of  Tani  and .Taima 
( r e f e r e n c e  5 )  on t h e  boundary  i n f l u e n c e  of p a r t i a l  enc lo -  
s u r e s  c o n s i s t i n g  of  c i r c u l a r  a r c s ,  v a s  c o n s u l t e d .  I t  ap-  
p e a r e d  t h a t  t h e  b a l a n c e  s h i e l d i n g  h a d  an  e f f e c t  e q u i v a l e n t  
t o  an  a r c  e n c l o s u r e  o f  a p p r o x i m a t e l y  145', which r e s u l t s  
i n  a z e r o  c o r r e c t i o n  f o r  i n d u c e d  d r a g  a n d  a n g l e  o f  a t t a c k  
b u t  a b a l a n c e  a l i g n m e n t  c o r r e c t i o n  of a b o u t  0,30° due t o  
t h e  u p n a r d  i n c l i n a t i o n  o f  t h e  a i r  s t r e a m  p roduced  by t h e  
boundary .  T h i s  a l i g n m e n t  c o r r e c t i o n  v a s ,  t h e r e f o r e ,  ap- 
p l i e d  t o  t h e  o r i g i n n l  f o r c e  t e s t  d a t a .  The r e s u l t s  were 
t h e n  c o r r e c t e d  t o  i n f i n i t e  a spec t  r a t i o  by t h e  cus tomary  
formulas ( r e f e r e n c e  6).   ow ever, a small asymmetry r e -  
R a i n e d ,  t h e  i n v e r t e d  t e s t s  g i v i n g  s l i g h t l y  h i g h e r  v a l u e s  
of  l i f t  a n d  d r a g ,  and  i t  mas t h e r e f o r e  n e c q s s a r y  t o  draw 
a n  a v e r a g e  c u r v e  be tween t h e  p o i n t s .  F i g u r e  9 shoms 
t h e s e  f i n a l  c u r v e s  v i t h  t h e  minimum d r a g  c o e f f i c i e n t  sub- 
t r a c t e d  f rom t h e  t o t a l  p r o f i l e  d r a g  t o  g i v e  t h e  p r o f i l e -  
d r a g  v a r i a t i o n  c u r v e  r e q u i y e d  f o r  t h e  d e t e r m i n a t i o n  o f  E .  

COXPARISON OF THEORY AND EXPERIMENT 

T3rust.- The e x p e r i m e n t a l  v a l u e s  o f  t h e  new t h r u s t  
c o e f f i c i e n t  T, a r e  p l o t t e d  a g a i n s t  8, i n  f i g u r e  10, 
T h i s  f i g u r e  shows a t  once  t h a t  t h e  a s s u m p t i o n  of a n  i n f i -  
n i t e  number of  b l a d e s  a n d  t h e  e l i m i n a t i o n  of  0 as  a n  
i n d e p e n d e n t  p a r a m e t e r  a r e  f u l l y  j u s t i f i e d  s i n c e  t h e  p o i n t s  
f o r  t h e  four r o t o r s  o f  s o l i d i t i e s  0 , 0 4 2 4 ,  0 .0636,  0.0849, 
a n d  0.1062. a13 f a l l  v e r y  c l o s e l y  o n  a s i n g l e  c u r v e  w i t h  
t h e  e x c e p t i o n  o f  t h e  h i g h  i n c i d e n c e  v a f d e s  v h e r e  t h e  pro-  
f i l e  l i f t  c u r v e  no l o n g e r  a p p r o x i m a t e s  a s t r a i g h t  l i n e .  

I n  figure 9 i t  r j i l l  be s e e n  t h a t  a mein v a l u e  of  t h e  
l i f t - c u r v e  s l o p e  f o r  i n f i n i t e  a s p e c t  r a t i o  i s  5 ,75  p e r  
r a d i a n .  U s i n g  t h i s  v a l u e  i n  e q u a t i o n  ( 1 4 )  t h e  t h e o r e t i c a l  
t h r u s t  c u r v e ,  a l s o  shown i n  f i g u r e  1 0 ,  was n b t o i n e d  and  
i n d i c a t e s  a f a i r l y  good agreement  Setmeen t h e o r y  a n d  ex- 
p e r i m e n t  e x c e p t  f o r  small v a l u e s  o f  6,. 
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t h e  
e v i d  

Q G' 

--- T o r g u 2 . -  I n  o r d e r  t o  o b t a i n  a s i n g l e  c u r v e  t o  d e f i n e  
s t a t i c  t o r q u e  c h a r a c t e r i s t i c s  of  t h e  h e l i c o p t e r ,  i t  i s  . 
e n t  f rom e q u a t i o n s  ( 1 6 )  and (17) t h a t  me must p l o t  

In  f i g u r e  11, t h e r e f o r e ,  t h e  ex- 

p e r i m e n t a l  v a l u e s  Q a t  a r e  p l o t t e d  a g a i n s t  Bo and h e r e  

a g a i n  me f i n d  t h a t  t h e  p o i n t s  f o r  t h e  d i f f e r e n t  r o t o r s  
f a l l  on a s i n g l e  c u r v e  w i t h  t h e  e x c e p t i o n s  n o t e d  above f o r  
t h r u s t .  

I n  o r d e r  t o  o b t a i n  t h e  t h e o r e t i c a l  c u r v e ,  i t  i s  nec-  
e s s a r y  t o  d e t e r m i n e  t h e  v a l u e  of E, t h e  c o e f f i c i e n t  of 
p r o f i l e - d r a g  v a r i a t i o n .  This  v a l u e ,  , a s  shown i n  f i g u r e  9 ,  
i s  0,75 a t  t h e  Reynolds  Number o f  t h e  b l a d e  t i p s .  T h i s  
f i g u r e  s h o a s  a l so  t h a t  t h e  assumed p a r a b o l i c  v a r i a t i o n  o f  
p r o f i l e  d r a g  i s  j u s t i f i e d ,  at l e a s t  f o r  t h i s  Reynolds  
number, 

Using t h e  valu-e o f  0.75 t h e .  t o r q u e  c o e f f i c i e n t  cu rve  
w a s  o b t a i n e d  as shown i n  f i g u r e  11. T h i s  c u r v e  f a l l s  be- 
l o w  t h e  e x p e r i m e n t a l  c u r v e ,  bu t  by i n c r e a s i n g  E t o  1 * 2 5 ,  
e x c e l l e n t  agreement .  i s  o b t a i n e d .  

A c z r c f u l  a n a l y s i s  o f  t h e  a s s u m p t i o n s  h a s  r e v e a l e d  
t h a t  t h e  o n l y  one which n i g h t  a c c o u n t  f o r  t h e  t h r u s t  and 
t o r q u e  d i s c r e p a n c i e s  i s  t h a t  of  n e g l e c t i n g  t h e  s l i F s t r e a m  
c o n t r a c t i o n  b u t  f u r t h e r  s t u d y  i s  r e q u i r e d  on t h i s  p o i n t ,  

A s  n m a t t e r  o f  i n t e r e s t ,  t h e  e x p e r i m e n t a l  v a l u e s  o f  
t h r u s t  and t o r q u e  a r e  > l o t t e d  a g a i n s t  each  o t h e r  on loga -  
r i t h m i c  p n p e r  i n  f i g u r e  1 2 ,  and i n d i c a t e  t h a t  t h e  f o l l o m -  
i n g  s i m p l e  r e l a t i o n  h o l d s  q u i t e  c l o s e l y  f o r  t h e  model 
t e s t s :  

3 /2 Q D '  = 0.72 T, 

' The t h r u s t  a n d ' t o r q u e  c o e f f i c i e n t s  a r e  a l s o  p l o t t e d  on 
r e c t a n g u l a r  c o o r d i n a t e s  i n  f i g u r e  13. These r e s u l t s  shorn 
t h a t  t h e  t h e o r e t i c a l  v a l u e s  of  t h r u s t  a r e  c o n s t a n t l y  h i g h e r  
t h a n  t h e  e x p e r i m e n t a l  v a l u e s  a l t h o u g h  t h e  c u r v e s  a r e  of t h e  
same g e n e r a l  shape .  The approx ima te  e q u a t i o n  g i v e s  e x c e l -  

a b o u t  5. Beyond t h i s  p o i n t  t h e  approx ima te  v a l u e s  Of  
thrust  exceed  t h e  e x p e r i m e n t a l  v a l u e s  by an i n c r e a s i n g  

l e n t  agreement  w i t h  t h e  e x p e r i m e n t a l  c u r v e  up t o  a Qo' o f  

' amount.  
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ANALYSIS OF PARAMETPERS 

I n  t h e  p a s t  t h e  i n t e r p r e t a t i o n  o f  h e l i c o p t e r  a i r s c r e m -  
model d a t a  h a s  been made d i f f i c u l t  and  u n c e r t a i n  because  
o f  l a r g e  s c a l e  e f f e c t s .  The magnitude o f  t h e s e  d i f f e r e n c e s  
due  t o  s c a l e  may be judged  f r o m  f i g u r e  1 4 ,  which g i v e s  t h e  
c u r v e s  o f  f i g u r e  o f  m e r i t  M v s .  b l ade -ang le  f a c t o r  8, 
f o r  b o t h  model and f u l l - s c a l e  c o n d i t i o n s .  The S o l i d i t y  

i s t i n g  h e l i c o p t e r s  and a u t o g i r o s ,  and  t h e  method u s e d  t o  
o b t a i n  t h e  d a t a  f o r  t h e s e  c u r v e s  m i l l  become a p p a r e n t  i n  
t h e  s u b s e q u e n t  S . i s cuss ion .  I t  s h o u l d  be n o t e d  t h a t  t h e  
Reyno lds  Number range  of  t h e  b l a d e  t i p s  o f  e x i s t i n g  h e l i -  
c o p t e r s  and a u t o g i r o s  i s  a p p r o x i m a t e l y  2.5 X lo6 t o  

' c h o s e n  CT = 0 . 0 6 ,  i s  a p p r o x i m a t e l y  a median v a l u e  f o r  ex-  

3.5 x l o 6 .  
F o r t u n a t e l y ,  t h e  t h e o r e t i c a l  p o r t i o n  of t h i s  i n v e s t i -  

g a t i o n  h a s  r e v e a l e d  t h e  e x i s t e n c e  o f  c e r t a i n '  p a r a m e t e r s  
t h a t  a r e  f u n c t i o n s  o f  s c a l e  and t h e  v a l u e s  o f  t h e s e  c o r r e -  
spond ing  t o  any Reynolds  Number nay be o b t a i n e d  from s u i t a -  
b l e  a i r f o i l  t e s t s .  These a i r f o i l  p a r a m e t e r s  a r e :  

a, i s  t h e  s l o p e  of l i f t  c u r v e  f o r  two-dimensional  f l o w .  

6 ,  minimurn p r o f i l e - d r a g  c o e f f i c i e n t .  

E ,  p r o f i l e - d r a g  v a r i a t i o n  c o e f f i c i e n t  

L i f t - c u r v e  s l o p e ,  a .-  or two-dimensional  f l o w  t h e  
,- ------.---_______ 0 

s l o p e  o f  t h e  l i f t  c u r v e  v a r i e s  s l i g h t l y  w i t h  t h e  Reynolds  
Kiunber and a l s o  w i t h  t h i c k n e s s  and camber as shown i n  r e f -  
erez2ce 4. g o n e v e r ,  i n s F e c t i o n  of  t h i s  r e f e r e n c e  a n d  f i g -  
ure 9 of t h i s  r e p o r t ,  i n d i c a t e s  t h=- t  a, = 5.75 v e r y  
n e a r l y  f o r  b o t h  model and. f u l l - s c a l e  Reynolds '  Number. More- 
o v e r ,  f o r  d i f f e r e n t  a i r f o i l  F r o f i l e s  w i t h i n  t h e  conven t ion -  
a1 t k i c k n e s s  and camber re,nges,  t h e  v a r i a t i o n s  i n  a. a r e  
n e g l i g i b l e .  Thus,  no a p p r e c i a b l e  e r r o r  may be e x p e c t e d  i n  
a s suming  a. = c o n s t .  = 5.75. 

T h i s  c o n c l u s i o n  e n a b l e s  us  t o  d e r i v e  t h e  f u l l - s c a l e  
c u r v e  of t h r u s t  c o e f f i c i e n t  T, v s .  b l a d e - i n c i d e n c e  f a c -  

t o r  6,. Hovever ,  i t  s h o u l d  f i r s t  be r e c a l l e d  t h a t  f i g u r e  
1 0  show!: an 8 .pp rcc i ab le  d i s c r c p a n c y  between t h e  t h e o r e t i -  
c a l  mid e x p e r i T e n t a 1  c u r v e s  f o r  t ho  c o n s t a n t  i n c i d e n c e  
t y p e  of r o t o r  f o r  E o  < 7.5.  Consequen t ly ,  f o r  t h e  sake 
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o f  a c c u r a c y ,  t h e  f a i r e d  e x p e r i m e n t a l  v a l u e s  s h o u l d  be u s e d  
o v e r  t h i s  r ange .  Fo r  6, > 3.5 t h e  t h e o r e t i c a l  v a l u e s  of 
T,, e q u a t i o n  ( 1 4 )  must be u s e d  s i n c e  beyond t h i s  p o i n t  
s t a l l i n g  of t h e  n o d e l  r o t o r  b l a d e s  b e g i n s  t o  o c c u r  f o r  t h e  
r o t o r  o f  s o l i d i t y  0 = 0.0424. In  o r d e r  t o  j u s t i f y  t h i s  
u s e  o f  t h e  t h e o r e t i c a l  v z l u e s ,  one e x p e r i m e n t a l  p o i n t  f rom 
t h e  s i n g l e - b l a d e  r o t o r  t e s t s ,  , = 0.0212, i s  p l o t t e d  i n  
f i g u r e  1 0 ,  aild t h i s  f a l l s  v e r y  c l o s e  t o  t h e  t h e o r e t i c a l  
c u r v e  a t  € D  = 4 . 9 3 .  I n  f i g u r e  15 t h e  n o d i f i e d  t h r u s t  co- 
e f f i c i e n t  c u r v e  t h u s  o b t a i n e d  i s  p l o t t e d  on l o g a r i t h m i c  
c o o r d i n a t e s  s i n c e  t h i s  f o r a  g i v e s  a F p r o x i m a t e l y  c o n s t a n t  
a c c u r a c y  f o r  r e a d i n g  v a l u e s  f r o n  t h e  c u r v e s .  

A s  t h e  i n c i d e n c e  of t h e  b l a d e s  i s  i n c r e a s e d  a p o i n t  i s  
f i n a l l y  r e a c h e d  where t h e  b l a d e s . b e g i n  t o  s t a l l .  I n  t h e  
e x p e r i m e n t s  t h i s  c o n d i t i o n  c o u l d  e a s i l y  be d e t e c t e d  by t h e  
l o u d  r o a r i n g  n o i s e  t h a t  r e s u l t e d .  Hovever ,  even  b e f o r e  
t h e  s t a l l  o c c u r s  t h e  l i f t  cu rve  d e p a r t s  s u f f i c i e n t l y  f r o m  
a s t r a i g h t  l i n e  t o  c a u s e  a p p r e c i a b l e  d i v e r g e n c e  f rom t h e  
t h e o r y  and  i t  i s ,  t h e r e f o r e ,  n e c e s s a r y  t o  d e t e r m i n e  t h i s  
l i m i t i n g  v a l u e  o f  b l a d e  i n c i d e n c e .  R e f e r r i n g  t o  e q u a t i o n  
( 7 4 ,  r-re n o t e  t h a t  

o r  

an d 

I n s p e c t i o n  of t h e  d e r i v a t i o n  l e a d i n g  t o  e q u a t i o n  ( 8 )  
i n d i c a t e s  t h a t ,  f o r  b o t h  c o n s t a n t - p i t c h  and  c o n s t a n t - i n c i -  
d e n c e  r o t o r s ,  s t a l l i n g  w i l l  f i r s t  o-ccur at  t h e  b l a d e  t i p s ,  
i . e . ,  x = 1. Hence,  t h e  d e s i r e d  l i m i t i n g  v a l u e  o f  t i p  
i n c i d e n c e  i s  

where  a i s  t h e  a b s o l u t e  a n g l e  of a t t a c k  ( r a d i a n s ) .  

A s t u d y  o f  t h e  a i r f o i l  c h a r a c t e r i s t i c s  g i v e n  i n  r e f -  
e r e n c e  4 shows t h a t  t h e  v a l u e  of  CL a t  which t h e  p r o f i l e -  
l i f t  c u r v e  d e p a r t s  n o t i c e a b l y  from a s t r a i g h t  l i n e ,  i s  
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a b o u t  '14' f o r  p r a c t i c a l 1 2  all 2 , i r f o i l s  h a v i n g  t h i c k n e s s  
r a t i o  n o t  l e s s  t h a n  0 . 0 9 ,  Thus, f o r  p r e s e n t  f u l l - s c a l e  
l i f t i n g  a i r s c r e w s ,  n e  may a s s u n e  t h a t  

a ._----- 

8 6 ,  = 0.25 + 
o r  

d e r i v e d  f r o m  t h e  a%ove 

e q u a t i o n  a r e  shewn i n  f i g u r e  15 f o r  d i f f e r e n t  s o l i d i t i e s  
and. m e  a l s o  i n d i c a t e d  i n  a l l  t h e  f i g u r e - o f - m e r i t  c u r v e s .  

% The l i m i t i n g  v a l u e s  o f  

P r o f i l e - d r a g  v a r i a t i o n  c o c f f i c i e n t ,  E . -  I n  p r e s e n t i n g  
t h e  e x p e r i ! z e n t a l  t o r q u e  d a t a  i n  t h e  form of  t h e  new c o e f f i -  
c i e n t  QD*, ment ion  h a s  a l r e a d y  been  made o f  t h e  f e c t  t h a t  

B u t  &ar i s  composed o f  t w o  p a r t s  r?,s i n d i c a t e d  i n  e q u a t i o n s  
( 1 6 )  e n d  (1'7). These a r e  t h e  " i n d u c e d  t o r q u e "  a n d  t h e  "pro@ 
f i l e - v e r i a t i o n  t o r q u e , "  and  i n  t h e  l a t t e r  t h e  q u a n t i t y  E 
a p p e c r s  a s  a c o e f f i c i e n t .  The v a l u e  of  t h i s  c o e f f i c i e n t  
f o r  t h e  r o t o r - m o d e l  t e s t s  mas found  t o  be 1 .25  as shown i n  
f i g u r e  1.1, a l t h o u g h  t h e  a i r f o i l  t e s t s  i n d i c a t e d  a v a l u e  o f  
0 .75 .  ( S e e  f i g .  9 . )  T h i s  d i s c r e p a n c y  i s  p a r t l y  due t o  t h e  
l o w e r  Reyno lds  Number a t  which t h e  i n n e r  p o r t i o n s  o f  t h e  
b l a d e s , w e s e  o p e r a t i n g  a n d  p r o b a b l y  a l s o  t o  t h e  large i n n a r d  
r a d i a l  v e l o c i t y  components n e a r  t h e  t i p s  t h a t  have been  
n e g l e c t e d  i n  t h e  t h e o r y .  To a c c o u n t  f o r  t h i s  d i f f e r e n c e ,  
me ma,;T w r i t e :  

mhere E i s  t h e  p r o f i l e  t o r q u e  v a r i a t i o n  c o e f f i c i e n t  

4 ' ,  ? r o f i l e  d r a g  v a r i a t i o n  c o e f f i c i e n t  

X 5 1 .67 ,  c o r r e l a t i o n  f a c t o r  

S i n c e  no s u i t a b l e  f u l l - s c a l e  t e s t  d a t a  on  l i f t i n g  a i r s c r e w s  
a r e  known t o  t h e  m r i t e r s ,  we s h a l l  assume t h a t  K i s  i n -  
depe i idevt  o f  s c a l e .  On t h i s  basis  t h e  f u l l - s c a l e  v a l u e  o f  
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E may be e s t i m a t e d  from t h e  lower  c u r v e  of f i g u r g  9 which 
w a s  o b t a i n e d  from r e f e r e n c e  4 a t  R . N .  = 3.5 X 10  f o r  
t h e  N.A.C.A. 0015 a i r f o i l  u sed  i n  t h e  r o t o r  models ,  This 
v a l u e  o f  E '  a p p e a r s  t o  be abou t  0.18 and hence  E = 0.30 
s h o u l d  be a f a i r  r e p r e s e n t a t i o n  o f  t h e  c o e f f i c i e n t  f o r  ex- 
i s t i n g  f u l l - s c a l e  r o t o r s .  

Sn e s t i m a t i n g  t h e  f u l l - s c a l e  t o r q u e  c o e f f i c i e n t  Qat, ' 
f i g u r e  11 i n d i c a t e s  t h a t  t h e  t h e o r e t i c a l  d a t a  may be ex- 
p e c t e d  t o  g i v e  good a c c u r a c y .  Hence t h e  t h e o r e t i c a l  val- 
u e s  f o r  t h e  c o n s t a n t - i n c i d e n c e  r o t o r ' h a v e  been computed 
u s i n g  E = 0.3  and  a. = 5.7'5 and y i e l d  t h e  t o r q u e  c u r v e  
Qcr t  vs.  6,  g i v e n  i n  f i g u r e  15 .  

V a r i a t i o n s  i n  c: w i t h  camber a r e  g r e a t e r  t h a n  t h o s e  
w i t h  t h i c k n e s s  b u t  i n  g e n e r a l  b o t h  a r e  small enough t o  be 
n e g l e c t e d .  

Minimum p r o f i l e - d r a g  c o e f f i c i e n t ,  6 . -  T h i s  c o e f f i c i e n t  

i n  e q u a t i o n s  ( 1 6 )  and (1'7) and i s  i 7  a p p e a r s  i n  t h e  f o r m  

o b v i o u s l y  c o n s t a n t  f o r  a g i v e n  r o t o r .  The te rm --- 8 2  i s  

t h e  minimum t o r q u e  and i s  o b t a i n e d  when t h e  t h r u s t  i s  zero .  
The v a l u e  o f  6 o b t a i n e d  f r o m  a v e r a g i n g  t h e  f o u r  r o t o r  
model t e s t s  was 0.0115 and  f r o m  t h e  a i r f o i l  t e s t s  w a s  
0.0113, a s u r p r i s i n g l y  g o o d  agreement .  

4, 

The d e t e r n i n a t i e n  o f  f u l l - s c a l e  v a l u e s  o f  6 p r e s e n t s  
some d i f f i c u l t y  due t o  l a c k  of agreement  between t h e  re-  
s u l t s  o f  d i f f e r e n t  wind t u n n e l s .  Recent  l a r g e - s c a l e  ~ r o -  
f i l e - d r a g  t e s t s  made a t  t h e  D . V , L ,  ( r e f e r e n c e  7), seem t 0  

i n d i c a t e  t h a t  t h e  v a l u e s  of  6 o b t a i n e d  i n  t h e  N.A.C.A* 
v a r i a b l e - d e n s i t y  t u n n e l  ( r e f e r e n c e  4 )  a r e  t o o  h i g h  due t o  
t i p  e f f e c t  and r e l a t i v e l y  g r e a t  s u r f a c e  roughness .  U n t i l  
s u c h  d i v e r g e n c e s  can be r e c o n c i l e d ,  c a r e f u l  judgment m i l l  
be r e q u i r e d  i n  t h e  e s t i m a t i o n  o f  6 f o r  a g i v e n  a i r f o i l .  

lliininum p r o f i l e  d r a g  i s  a f u n c t i o n  o f  camber as well 
as  t h i c k n e s s ,  b u t  sZnce a i r f o i l s  s u i t a b l e  f o r  u s e  i n  l i f e -  
i n g  a i r s c r e w s  must have small cambers  t o  p r e v e n t  undue 
b l a d e  t w i s t  and p o s s i b l e  f l u t t e r ,  we may n e g l e c t  t h i s  e f -  
f e c t .  

-- Figure -o f -mer i t  - ---_--_____________ curves . -  A s t u d y  of t h e  e f f e c t s  o f  
v a r y i n g  t h e  d i f f e r e n t  p a r a m e t e r s  can  be made w i t h  t h e  a i d  
o f  c u r v e s  of f i g u r e  o f  m e r i t  M ,   lotted a g a i n s t  b l ade -  
i n c i d e n c e  f a c t o r  8,. R e c a l l i n g  t ha t  
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T 3/2 - - 1 --P----, 
2 6 . .  , 

--z + &a 
- 

4a 

me n o t e  t h s t  

a. t o  be n e g l i g i b l e .  

Id = f ( E ,  --- & a ,  E.,), assuming v a r i a t i o n s  i n  
4 0  

The e f f e c t  of E upon Ex f o r  t h e  c o n s t a n t - i n c i d e n c e  
r o t o r  may be judged  f r o m  f i g u r e  1 6 ,  which was computed from 
t h e  e s t i m a t e d  f u l l - s c a l e  d a t a  of t a b l e  V I I .  Values  o f  E 
o f  0 .1 ,  0 .3 ,  and 0.5 and  a range  o f  6, f r o m  z e r o  t o  9 a r e  
shomn, and median v a l u e s  o f  t h e  o t h e r  p a r a m e t e r s  were u s e d ,  
I n  t h i s  and subsequen t  f i g u r e s  t h e  c u r v e  of i d e a l  f i g u r e  of 
m e r i t  MI, i s  i n c l u d e d  f o r  comparison.  

I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  E h a s  p r a c t i c a l l y  no 
e f f e c t  'ug t o  €, = 1.5. However, a t  6, = 4 .8 ,  which i s  
t h e  u p p e r  l i m i t  o f  a. = 5.7'5,  f o r  o t 0.06 an. a p p r e c i a -  
b l e  d i v e r g e n c e  i s  e v i d e n t .  The c u r v e  6 = 0.1 w i l l  doubt-  
l e s s  n e v e r  be r e a c h e d  u n l e s s  v e r y  much l a r g e r  r o t o r s  t h a n  
now e x i s t  a r e  d e v e l o p e d ,  mhersas  E = 0.5 i s  r e p r e s e n t a -  
t i v e  of s n a l l  r o t o r s  such  as n i g h t  be u s e d  as t e s t  models 
i n  a l a r g e  wind t u n n e l .  

In  f i g u r e  1 7  s imi la r  c u r v e s  a r e  shown f o r  6 = 0 . 0 0 6 ,  
0.009, and 0,012,  computed f o r  t h e  median f u l l - s c a l e  v a l u e  
E = 0.3. Bere t h e  l o w e s t  v a l u e  o f  6 r e p r e s e n t s  a l a r g e  
r o t o r  w i t h  a t h i n  b l a d e  p r o f i l e ,  a n d  t h e  h i g h e s t ,  a small 
r o t o r  w i t h  a t h i c k  p r o f l l e .  The v a l u e  6 = 0.009 rep re -  
s e n t s  t h e  p r o b a b l e  f u l l - s c a l e  median,  Comparison o f  f i g -  

, u r e s  1 6  and 1 7  shows t h a t  f b r  6~ 3 3.5,  E h a s  a g r e a t e r  
e f f e c t  on EX t h a n  6 ,  whereas  f o r  6, < 3.5, t h e  r e v e r s e  
i s  t r u e .  

An i d e a  of t h e  e f f e c t  of  b l a d e  t w i s t  on M can be  ob- 
t a i n e d .  from f i g u r e  18  f o r  t h e  two c a s e s  G = c o n s t a n t  and  

6 - - __ 6 o  ( c o n s t a n t  p i t c h ) .  S i n c e  no s u i t a b l e  e x p e r i m e n t a l  
X 

d a t e  a r e  a v s i l n b l e  f o r  t h e  c o n s t a n t - p i t c h  a i r s c r e w  o f  con- 
s t a n t  chord  an?- p r o f i l e ,  i t  w a s  n e c e s s a r y  t o  compute t h e  
c u r v e s  of f i g u r e  1 8  from t h e  t h e o r e t i c a l  t h r u s t  and  t o r q u e  
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e q u a t i o n s .  The r e l a t i v e  v a l u e s  o f  M f o r  t h e  t w o  t y p e s  
o f  b l a d e  s h o u l d  be g i v e n  r e l i a b l y  by t h e s e  c u r v e s .  It  
w i l l  be n o t e d  t h a t  t h e  p e r c e n t a g e  i n c r e a s e  i n  M o f  t h e  
c o n s t a n t - p i t c h  r o t o r  o v e r  t h a t  f o r  t h e  c o n s t a n t - i n c i d e n c e  
r o t o r  i s  g r e a t e r  f o r  s m a l l  v a l u e s  o f  e, and t h e  r a t i o  of  
t h e  v a l u e s  o f  Mma, i s  about  1 .07.  

The t h e o r e t i c a l  i d e a l  f i g u r e  o f  m e r i t  M I ,  f o r  t h e  
c o n s t a n t - p i t c h  r o t o r  h a s  a l r e a d y  been shown t o  be a con- 
s t a n t  nnd equal t o  u n i t y .  F o r  t h e  c o n s t a n t - i n c i d e n c e  r o e  
t o r ,  MI, i s  n o t  c x a c t l y  c o n s t a n t ,  'but  i n c r e a s e s  s lowly  
w i t h  8,. T h i s  v a r i a t i o n  i s  s o  smal l ,  however ,  t h a t  MI = 
0.94 = c o n s t a n t  may be c o n s i d e r e d  a s a t i s f a c t o r y  repre-  
s c n t a t i o n .  The c u r v e  o f  MI c a l c u l a t e d  f r o m  t h e  m o d i f i e d  
d a t a  o f  t a b l e  V I 1  i s  i n c l u d e d  i n  t h e  f i g u r e  and  shows a 
l z r g c  d o v i a t i o n  f r o m  t h i s  t h e o r e t i c a l  v a l u e  a t  small  v a l -  
ues o f  8,. 

I n  c o n n e c t i o n  w i t h  f i g u r e  18  i t  s h o u l d ,  o f  c o u r s e ,  
be  k e p t  i n  mind t h a t  t h e  cu rve  p = c o n s t a n t  r e p r e s e n t s  a 
d i f f c r e n t  b l a d e  t n i s t  for each  v a l u e  of 6,. I f  t h e  b l a d c s  
were mere ly  t u r n e d  Q S  n whole u i t h o u t  change of t w i s t ,  t h e  
valucs o f  M mould l i e  somewhare b e t v e e n  t h e  t w o  c u r v e s .  

The f o r e g o i n g  a n a l y s i s  o f  t h e  e f f e c t  o f  chang ing  t h e  
b l a d e  p a r n m c t e r s  c l a r i f i e s  somewhat t h i s  phase  of t h e  l i f t -  
2 n g  a i r s c r e w  problcm. HoiTever, there s t i l l  r ema ins  a n e e d .  
f o r  more c o n s i s t e n t  and e x t e n s i v e  l a r g e - s c a l e  d a t a  on t h e  
c h a r a c t e r i s t i c s  of  a i r f o i l s  s u i t a b l e  f o r  l i f t i n g  a i r s c r e w s .  

Having e s t a b l i s h e d  f u l l - s c a l e  v a l u e s  o f  t h e  p a r a m e t e r s ,  
i t  i s  non p o s s i b l e  t o  c o n s t r u c t  a g e n e r a l  f i g u r e - o f - m e r i t  
c h a r t  f r o m  which ,  t o g c t h e r  w i t h  f i g u r e  1 5 ,  t h e  h o v e r i n g  
c h a r a c t e r i s t i c s  o f  any con s t a n  t - c h o r d  and  i n c i  d e n c e - l i f  t i n g  
n i r s c r c v  c a r  be q u i c k l y  d e r i v e d ,  T h i s  c h a r t  i s  shown i n  
f i g u r e  1 9  and  i s  based  on t h e  f o l l o w i n g  p a r a m e t r i c  v a l u e s :  

Bo = 5.75 

E = 0 - 3  

6 = 0.006 and 0.012 
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t h  
u e  
f a  

The nar row c r o s s - h a t c h e d  band i n  t h i s  f i g u r e  r e p r e s e n t s  
e r e g i o n  o f  Mmax ( L i m i t  of  a. = 5.75)  f o r  d i f f e r e n t  Val- 
s o f  6 and cr. T h i s  r e g i o n  i n d i c a t e s  t h e  s i g n i f i c a n t  
c t  t h a t  t h e  " l i f t i n g  e f f i c i e n c y "  of  a l l  r o t o r s  o f  t h i s  

t y p e  v i 1 1  b e  v e r y  n e a r l y  0.80 a i t h  ex t reme d e v i a t i o n s  o f  
50.04. The m o s t  e f f i c i e n t  r o t o r  f o r  h o v e r i n g  f l i g h t  shou ld  
o b v i o u s l y  have a l a r g e  s o l i d i t y  and  a s m a l l - b l a d e  p r o f i l e  I 

d r a g ,  but t h e  small s o l i l ? i t y  r o t o r s  e s s e n t i a l  f o r  e f f i c i e n t  
f o r w a r d  motion nould n o t  be g r e a t l y  i n f e r i o r  nhen hove r ing .  

A s  ;t m a t t e r  o f  t h e o r e t i c a l  i n t e r e s t  t h e  c u r v e s  o f  MI 
a n d  -3- = 0 

a r e  c a r r i e d  up t o  6, = 9 f o r  t h e  sane  reason. I n  this 
c o n n e c t i o n  i t  .ail1 be noted. t h a t  t h e  f u l l - s c a l e  l i m i t  o f  
a. = 5.7'6, i . e . ,  cx = 14', e n a b l e s  t h e  maximum v a l u e  o f  
M t o  be v e r y  nearly r e a c h e d  i n  m o s t  c a s e s .  

& r e  i n c l u d e d  i n  t h i s  c h a r t ,  and  a l l  t h e  c u r v e s  
4 o;-" 

EOVERING-FL IGHT PERFORKANSE 

The h o v e r i n g - f l i g h t  per formance  c h a r a c t e r i s t i c s  of  any 
h e l i c o p t e r  may be r e a d i l y  c!.eternined by t h e  s i m p l e  method 
d c v e l o p c d  by G l a u o r t  in r e f e r e n c e  2. This  method h a s  been 
soner rha t  c o d i f i e d  b;i.' t h e  n r i t e r s  a n d  h a s  b e e a  r ednccd  t o  
t y r o  s imp le  C ~ Y ~ S  from n h i c h  a l t i t u d e  per formance  can bo 
e r, s i 1 y ccl culn, t ed . 

T h o  f i g u r e  o f  m e r i t  may be e x p r e s s q d  8 s  

s h c r c  P I  = 'Q P i s  t h e  yower a v a i l a b l e  a t  r o t o r  

P,  p o n c r  of m o t o r  

q ,  e f f i c i e n c y  o f  d - r ive  system 

a n d  V ,  n e i g h t  
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The f a c t o r  'fj i s  v e r y  n e a r l y  u n i t y  f o r  o r d i n a r y  pro-  
p u l s i v e  a i r s c r e w s ,  b u t  f o r  t h e  l i f t i n g  a i r s c r e w  i t  w i l l  
v a r y  c o n s i d e r a b l y ,  depend ing  upon t h e  t y p e  o f  d r i v e  u s e d .  

F r o n  t h e  p+bove e x p r e s s i o n s ,  i t  i s  a t  once a p p a r e n t  
t h a t  f o r  h o v e r i n g  f l i g h t  a t  a g i v e n  a l t i t u d e  

which i s  t h e  r a t i o  o f  p o ~ e r  a v a i l a b l e  t o  power r e q u i r e d ,  
a i d  t h a t  h o v e r i n g  f l i g h t  i s  t h e r e f o r e  p o s s i b l e  o n l y  when 
i.! = 1% . > -- 

The e x n r e s s i o n  f o r  bi a l s o  s l i o ~ ~ s  t h a t  f o r  a g i v e n  
t h r u s t ,  t h e  Foye r  r e q u i r e d  n i l l  be i n v e r s e l y  p r o p o r t i o n a l  
t o  t h e  r n d i u s  R o f  t h e  r o t o r  a n d ,  c o n s e q u e n t l y ,  f o r  max- 
imum econccy  t h e  r o t o r  s h o u l d  be as  l a rge  as  p o s s i b l e .  

TJsing t h e  s u b s c r i p t  z e r o  t o  denotc:  s e a - l o v e 1  condi -  
t i o n s ,  

a n d  ad-opt ing  t h e  r e l a t i o n s h i p s  f o r  nomer and  d e n s i t y  v a r i a -  
t i o n  w i t h  a l t i t u d e  g i v e n  by D i e h l  i n  r e f e r e n c e  8 ,  f 5 g u r e  
20 has 3een  p r e p a r e d  by  p l o t t i n g  N / N o  vs .  H. 

S i n c e  f o r  h o v e r i n g  f l i g h t  M = IT, t h e  f o l l o w i n g  r e l a -  
t i o n s h i p s  a t  s e a  l e % - e l  may be o b t a i n e d  from e q u a t i o n  ( 2 0 ) :  

I n  t h i s  e q u a t i o n  t y o  l o a d i n g  f a c t o r s  a r e  a p p a r e n t  and  t h e s e  
m i l l  be 3 -e s igna ted  as 

($7;) = I*' t h e  " i d e a l  e f f e c t i v e N  power l o a d i n g  

Thus e q u a t i o n  ( 2 2 )  becomes 
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aaG t h i s  r e l a t i o n s h i p  i s  p l o t t e d  i n  f i g u r e  2 1  i n  t e r m s  o f  
e n g i n e e r i n g  u n i t s .  

The c o n c e p t  o f  a n  " id .ea l  e f f e c t i v e "  power l o a d i n g  i s  
useful i n  t h a t  i t  makes p o s s i b l e  t h e  s imple  r e l a t i o n s h i p  
o f  e q u a t i o n  ( 2 3 )  and  t h e  s i n g l e  c u r v e  of f i g u r e  2 1 ,  mhich 
i s  F e r P e c t l y  g e n e r a l ,  The f o r m  o f  t h i s  f i c t i t i o u s  power 
l o a d i n s  shoms  t h a t  i t  mere ly  s i g n i f i e s  a h i g h e r  v a l u e  f o r  
a c t u a l  r o t o r s  a n d ,  t h e r e f o r e ,  an  i n f e r i o r  p e r f o r m a n c e  as 
compared w i t h  t h e  i d e a l  c a s e  o f  MI = 1. 

Thc n o m e r  r a t i o  for h o v e r i n g  f l i g h t  may nom be  ex- 
p r e s s e d  i n  t e r m s  of t h e  l o a d i n g  f a c t o r s  as follows: 

D e t e r m i n a t i o n  o f  t h e  r o t o r  t i p  speed  can  be made q u i t e  
s i m ~ l y .  I f  we w r i t e  t h a t  

a n d  

1Sv-t r o a e K b e r i n g  t h a t  M = - .L ---- Lo , we o l t a i n  
Qo 

and! s i n c e  f o r  a g i v e n  r o t o r  end 'b lade a n g l e ,  (T a n d  T o  
a r e  c o n s t a a t ,  t l ie  t i p  s p e e d  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h o  
" i d e a l  e f f e c t i v e "  power l o a d i n g .  

A l t i t u d e  ~ e r f o r m a n c e - c a l c u l a t i o n s . -  The f o l l o w i n g  s i m -  
p l e  ex:3ressions,  c o n v e r t e d  t o  e n g i n e e r i n g  u n i t s ,  e n a b l e  t h e  
c a l . c u ~ l c ~ t i o n  of t 5 e  pe r fo rmance  p a r a m e t e r s  b y  means o f  wh ich ,  
w i t h  t l ie c u r v e s  o f  f i g u r e s  20 and  2 1 ,  t h e  h o v e r i n g  perform- 
a n c e  c h a r a c t e r i s t i c s  o f  cay h e l i c o p t e r  may be  d e t e r m i n e d .  



30 N.A: ' .C .A.  T e c h n i c a l  N o t e  N o c  6 2 6  

Lp = ( 2 : ~ )  i n  1%. p e r  hp. 

The f o l l o w i n g  example' i s  i n c l u d e d  t o  show how t h e  
method i s  u s e d .  S i n c e  a d e q u a t e  d a t a  on r e c e n t  c o n s t a n t -  
c h o r d  h e l i c o p t e r s  a r e  n o t  a v a i l a b l e ,  t h e  C 30 a u t o g i r o  h a s  
been  s e l e c t e d  f o r  t h i s  pu rpose .  T h i s  machine h a s  t h e  f o l -  
l o w i n g  approx ima te  c h a r a c t e r i s t i c s :  

R o t o r  r ad ius ,  R . . . . . . . . . .  18.5 ft. 

N o r m a l  l o a d e d  w e i g h t ,  tV . . . . .  1 , 8 0 0  1%. 

Assumed e f f e c t i v e  power,  P t  . , . 1 2 0  hp. 

S o l i d i t y ,  ,D . . . . . . . . . . . .  Oe05 

Minimum P r o f i l e - d r a g  c o e f f i c i e n t ,  6 0.008 

". 

1. The v a l u e  of M can be d e t e r m i n e d  f r o m  f i g u r e  1 9 ,  

s i n c e  -6- - - 0 . 8 ,  
4 o2 

dence  f a c t o r  of 

and i s  seen  t o  be 0.81 a t  a b l a d e  i n c i -  

8, = '7 o r  a b l a d e  i n c i d e n c e  of 

9 = 57 .3  G 6 0  

0 = 20.1 

2, The s e a - l e v e l  minimum l o a d i n g  f a c t o r s  m i l l  bc 

1800 
0.81 X 120 

) = 18.5  l b .  p e r  hp. 

= 1.68 1%. p e r  s q . f t .  1800 

TT 18.5  
- --I-- 
- 
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3. The power s a t i o . f r o m  e q u a t i o n  (C) i s  

-- M = 38 . = 1.59 
1 / z  

18.5 x (1 .68 )  

4. The c tbso lu t e  c e i l i n g  f o r  h o v e r i n g  f l i g h t  c a n  be 
o b t a i n e d  immcd. ia tcly f rom f i g u r e  2 0 ,  as i n d i c a t e d  by t h c  
d o t t e d  l i n e s ,  2nd i s  

.Ec = 8,700 f e e t  f o r  -- - - 1.59 
E O  

5. The maximum l o a d  t h a t  can bo s u s t a i . n e d  a t  sea l e v e l  
( n e g l e c t i n g  ground e f f e c t )  i s  o b t a i n e d  by n o t i n g  i n  f i g u r e  
2 1  t h a t  t h e  u p p e r  lirnit o f  d i s k  l o a d i n g  

a t  Lpl = 18 .5 ,  i s  4 . 2  a n d ,  t h e r e f o r e ,  
L s 2 ,  which  o c c u r s  

6. The minimum r o t o r  power r e q u i r e d  a t  s e a  l e v e l  (neg-  
l e c t i n g  Ground e l f e c t )  i s  a l s o  o b t a i n e d  f r o m  f i g u r e  21  i n  a 
similar f a s i i i o n  by n o t t n g  t h a t  t h e  u p p e r  l i m i t  of  power 
l o z d i n g  

t h e r e f o r e ,  

= 1.68 ,  i s  29.3,  a n d  
LS1 

, which  o c c u r s  at 
Lp 2 

7 .  The r o t o r  t i p  s p e e d s  c o r r e s p o n d i n g  t o  t h e  maximum 
a n d  rnininurn loar? ings  are o b t a i n e d  f r o m  e q u a t i o n  ( D ) .  The 
t h r u s t  c o e f f i c i e n t  must f i r s t  be o b t a f n e d  from f i g u r e  15 
ai12 € o r  0 = 0.05 is f o u n d  t o  be 9.0. Thus,  f o r  
18.5 c o r r e s p o n d i n g  t o  ITmax = 4,500 pourids. 

- 
- 

””-- - - ., . 
18.5 x 0.05 x 9 3  

and for L = 29.3 c o r r e s l i o n d i n g  t o  V,in = 1,800 pounds.  
pz 
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CONCLUSIONS 

The f o l l o w i n g  c o n c l u s i o n s  can be drawn from t h e  r e -  
s u l t s  of t h i s  i n v e s t i g a t i o n  on t h e  l i f t i n g  a i r s c r e w :  

1. The v o r t e x  concep t  u s e d  i n  d e r i v i n g  t h e  e x p r e s s i o n  
f o r  t h e  a x i a l  induced  v e l o c i t y  y i e l d s  r e s u l t s  i d e n t i c a l  
w i t h  t h o s e  o b t a i n e d  by t h e  u s e  of t h e  momentum e q u a t i o n .  

2 ,  The e x p e r i m e n t s  amply v e r i f y  t h e  t h e o r e t i c a l  con- 
c l u s i o n  t h a t  t h e  s o l i d i t y  can be e l i m i n a t e d  as a s e p a r a t e  
p e r a m e t e r  i n s o f a r  as t h r u s t  and t o r q u e  a r e  concerned  i f  t h e  
minimum t o r q u e  i s  s u b t r a c t e d  from t h e  t o t a l  t o r q u e .  

3. The e x p e r i m e n t s  v e r i f y  t h e  a s sumpt ion  t h a t  f o r  a 
g i v e n  s o l i d i t y  t h e  r e s u l t s  a r e  independen t  o f  t h e  number o f  
b l a d e s ,  

4. The t h e o r e t i c a l  e q u a t i o n s  d i s c l o s e  t h e  e x i s t e n c e  
o f  c e r t a i n  q i r f o i l  p a r a m e t e r s  w i t h  t h e  a:d of  which s c a l e  
e f f e c t  can be a c c o u n t e d  f o r  q u i t e  s imply .  

5 ,  Genera l  f u l l - s c a l e  c u r v e s  of t h r u s t  and t o r q u e  f o r  
t h e  c o n s t m t  chord  and i n c i d e n c e  r o t o r  can  be e s t i m a t e d  
w i t h  r e a s o n a b l e  c o n f i d e n c e  by cl. j u d i c i o u s  combina t ion  o f  
t h e  t h e o r e t i c a l  and e x p e r i m e n t a l  d a t a  of t h i s  r e p o r t .  

6. I n  g e n e r a l ,  i t  Etppears t h a t  t h e  optimum f i g u r e  o f  
m e r i t  f o r  t h e  f u l l - s c a l e  c o n s t a n t  chord  and i n c i d e n c e  r o t o r  
may be t z k c n  as 0.80, znd f o r  t h e  c o n s t a n t  chord  nnd p i t c h  
r o t o r  as 0.85 w i t h  a p r o b a b l e  maximum e r r o r  f o r  extreme 
c a s e s  of n o t  more tbnn  20.04. 

7.  H e l i c o p t e r  h o v e r i n g - f l i g h t  per formance  can  be r a p i d -  
l y  d e t e r m i n e d  by means o f  t h e  two s imple  c e i l i n g  and  l o a d i n g  
c h a r t s  of t h i s  r e p o r t  when t h e  f i g u r e  of m e r i t  and t h r u s t  
c o e f f i c i e n t  are known. 
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